Huppert,
Deskins, Kegel, and others. In this paper, the effect on G brought about by the condition that G is factorized by a normalizer of a Sylow p-subgroup for each p 6 27(G) is studied. [14] returned to the concept of normal index.
In the following, we take a different approach. Instead of looking at the index, we focus on the subgroups. Replacing maximal subgroups with Sylow normalizers, we prove that a finite group is solvable if each Sylow normalizer has prime-power index and go on to extend the corresponding result of Kegel.
All groups discussed are to be considered to be of finite order. Let G be such a group. Syl (G) denotes the set of Sylow p-subgroups of G, S an element of Syl (G), NG(S ) its normalizer in G, and n (G) = |Syl (G)|. A group N is a Sylow normalizer of G if N = N AS ) for some S £ Syl (G) and p £ 77(G), the We may restate this result in terms of group factorizations. Proof. Suppose that G is such a group and that G is simple. We will show that none of the above groups satisfies the hypothesis of our theorem. This will complete the proof of the theorem, since we will have then shown that Case 2 cannot occur. Suppose G « PSL(2, 2"), n> 1. Let p £ 77(G), p¿2. Since \G\ = (2" + 1)2"(2" -1), we have that p divides 2" + 1 or 2" -1, but not both. In the first case, G possesses a cyclic subgroup of order 2" + 1 and N AS ) is a dihedral group of order 2(2" + 1). Since A has been assumed to be an abelian Hall-complement for all p £ 77(G), 2 4 rriA ). In the second case, a similar argument shows that 2 4 niA-J. The choice of p was arbitrary; thus, 2 4 77ÍA ) for any odd p £ 77(G). In particular, 2 4 rriA ), contrary to assumption. Hence, if G is simple and satisfies our hypothesis, G Sfe PSL(2, 2"). Suppose G S PSL(2, p"), p" = 3 or 5 (mod 8), pn > 3. Then a Sylow p-subgroup of G is elementary abelian and n iG) = p" + 1. Therefore, the order of the normalizer of a Sylow p-subgroup is pnipn -l)/2. Since 2 divides pn + 1, our conditions force p"ip" -l)/2 and hence ip" -l)/2 to be odd. Let t be an odd prime factor of p" -1.
The existence of such a / is assured, since p" > 3. As above, / does not divide pn + 1, and if S eSyl (G), then \S\ divides p" -1. Now G contains a cyclic subgroup L of order (pn -l)/2 with the property that NÀ.S) is a dihedral group of order 2|L| = p" -1. But then ipn + l)/2 is odd, forcing |G|-= 2 and G to be nonsimple by [18, p. 139] .
We have reduced to the case (iii) In disposing of the above cases, we have shown that Case 2 cannot occur and thus that G is nonsimple. We suppose that G is nonsolvable and show a contradiction in a series of steps.
(1) G contains no nontrivial normal solvable subgroup.
If T is such a group, then by the above, G/T is solvable and hence, G is solvable.
(2) G has a unique minimal normal subgroup K and CAK) = 1. 
